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Abstract
To analyse walking, running or hopping motions, models with high degrees of freedom are usually
used. However simple reductionist models are advantageous within certain limits. In a simple
manner, the hopping motion is generally modelled by a spring-mass system, resulting in piecewise
smooth dynamics with marginally stable periodic solutions. For a more realistic behaviour, the
spring is replaced by a variety of muscle models due to which asymptotically stable periodic
motions may occur. The intrinsic properties of the muscle model, i.e. preflexes, are usually taken
into account in three complexities—constant, linear and Hill-type. In this paper, we propose a
semi-closed form feed-forward control which represents the muscle activation and results in
symmetrical hopping motion. The research question is whether hopping motions with symmetric
force-time history have advantages over asymmetric ones in two aspects. The first aspect is its
applicability for describing human motion. The second aspect is related to robotics where the
efficiency is expressed in term of performance measures. The symmetric systems are compared
with each other and with those from the literature using performance measures such as hopping
height, energetic efficiency, stability of the periodic orbit, and dynamical robustness estimated by
the local integrity measure (LIM). The paper also demonstrates that the DynIn MatLab Toolbox
that has been developed for the estimation of the LIM of equilibrium points is applicable for
periodic orbits.

1. Introduction

Pedal locomotion and its dynamics and control have
been the focus of research in the recent decades.
Mechanical models of hopping can vary from simple
low degrees of freedom (DoF) [1–3] through multi-
segmented models [4–6] to complex musculoskeletal
models with highDoF [7–9]. In the former, the centre
of gravity (CoG) is treated as a point mass, and the
entire leg is modelled by a spring with damper [1,
4, 10, 11] or a muscle model [2, 3]. These models
due to their low DoF and low computational effort
are relatively easy to examine. Therefore it is prac-
tical to use low DoF models to get a preliminary pic-
ture of the effects of various parameters or control

strategies [2, 3, 12, 13]. Pedal motion in general and
especially hopping motion is mainly described by
piece-wise smooth dynamics with periodic orbits as
solution while the centre of mass oscillates vertically
[12, 14, 15].

Withmusculoskeletal models, the roles and influ-
ence of different muscle groups have been invest-
igated to obtain a deeper and more comprehensive
understanding of the pedal locomotion [7]. A widely
used muscle model is the Hill-type muscle [2, 3, 7,
9, 16]. The Hill-type model consists of an active con-
tractile element (CE) and twopassive elastic elements:
one parallel and one serial to the CE [16]. Passive
elastic elementsmodel the elasticity of themuscle and
the tendons [17]. The active element only capable
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of exerting pulling type force, just as real muscles,
and it has intrinsic force-length (fl) and force-velocity
(fv) properties [16]. These relations modify the the-
oretical maximum of the force output depending on
the current state of the muscle. These characterist-
ics of the muscle are called preflexes since they act
like zero-delay reflexes [18, 19]. The force-length and
force-velocity relations are described by non-linear
Hill-type functions [16], but sometimes are simpli-
fied by linear or constant functions. Hauefle et al [2]
concluded that at least a linear force-velocity relation
is needed to develop asymptotically stable periodic
hopping.

The CE is considered an active element because it
exerts force of a magnitude corresponding to the so-
called activation level [20]. This means that the force
output depends not only on the current length and
contraction velocity of the muscle, but also on the
activation level, which represents the nerve impulses
coming from the nervous system. It describes the
extent to which the muscle should be contracted. In
the case of musculoskeletal models, the activation
function is usually defined with the help of EMG
data [9].

Since the Hill model includes the active element,
a control algorithm is needed to determine the activ-
ation level of the muscle at each time instant. Feed-
forward and/or feedback approaches may be used in
the mathematical models of hopping motion. The
physiological background of the feed-forward con-
trol is the central pattern generator (CPG), found in
the spinal cord of vertebrates [19, 21–25]. The CPG
forms a low level neuromuscular control and gen-
erates rhythmic patterns of motor activity, such as
those involved inwalking or hopping, without requir-
ing constant input from the brain. Stable hopping can
be achieved without cautiously focusing much on the
motion. The supra-spinal layer of the neuromuscular
activities [24] may be modelled by feedback control.
Hauefle et al [3] found that in the case of a one DoF
hopping model with a simplified Hill-type muscle,
the combination of feed-forward and proprioceptive
feedback control improved the hopping stability.

The stability of the hopping motion is math-
ematically determined by the eigenvalues of the so-
called monodromy matrix of a periodic orbit [5, 26].
Besides local stability, the basin of attraction (BoA)
serves also as a quite important characteristic of a
solution, since perturbations can cause stability loss,
and this information cannot be extracted from the
monodromy matrix. To calculate the BoA of a solu-
tion is usually computationally intensive. Therefore
several measures of dynamical integrity were defined
to estimate the robustness of a solution [27–30].
Besides the BoA, these measures also provide valu-
able information on the robustness of solutions.
Habib [31] introduced a rapid and efficient numerical
algorithm developed in MatLab, the DynIn Toolbox,

to estimate the local integrity measure (LIM) of an
equilibrium point. The LIM is the maximal radius of
a hypersphere in the phase space completely included
within the BoA and centred at the equilibrium point
[27]. Meaning that solutions started with initial con-
ditions (ICs) within this hypersphere converge to
the equilibrium point. Although the algorithm is
developed for equilibrium points, it is also able to
estimate the robustness of a periodic motion by com-
puting the LIM of the fix point on a well-chosen
Poincaré section.

In this study, we examine the effects of a pre-
defined, closed-form activation function on a simple
one DoF hopping model introduced by Hauefle et al
[2]. In paper [2], the activation level of the single
Hill muscle was obtained by using genetic algorithm.
Preflexes, as considered in [2], are analysed with vary-
ing complexities, resulting inmultiple systems. In [2],
the complexity criteria of the preflexes was analysed
for achieving stable hopping motion. On the con-
trary, in our work, a closed form activation func-
tion is chosen so that the CE behaves completely
elastic during stable hopping, resulting in symmet-
ric motion. In our paper, the effect of symmetry
is analysed regarding the performance of the sys-
tems, which is measured through various perform-
ance measures. We hypothesize that the closed-form
activation function is a feasible alternative for choos-
ing the feed-forward control in modelling human
hopping. This hypothesis is based on the finding
of an experimental observation indicating that the
ground reaction forces of human hopping motion
can be modelled by a simple mass-spring system
at preferred or higher frequencies [32]. However,
the used muscle model is not sufficiently complex
to study the underlying physiological phenomena
related to the muscle behaviour or human hopping
motion, since the elasticity of the muscle-tendon
unit and the leg geometry are neglected, which have
an important role in legged locomotion [33–35].
Additionally, this study addresses the implications for
robotics.

However, we use measures defined in [2], we also
introducemeasures for amore complete comparison,
such as performancemeasure of energy efficiency and
measure related to the dynamical robustness of the
stable solution. Moreover, the stability of the periodic
orbits is analysed via the spectral radius of the mono-
dromy matrix instead of using Poincaré return maps.
We evaluate the advantages and disadvantages of sys-
tems with symmetric motion control focusing on sta-
bility, performance, convergence speed, and dynam-
ical robustness with different levels of complexity in
fl and fv. We demonstrate that the DynIn MatLab
Toolbox developed byHabib [31], used for estimating
the LIM of equilibrium points, is suitable for assess-
ing the robustness of a fix point of periodic orbits.
Our goal is to compare the performance of themodels
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using the proposed closed-form activation with each
other and with the systems in [2], whose activation
functions were calculated by a meta-heuristic optim-
ization algorithm.

2. Methods

2.1. Mechanical model of vertical hopping
The mechanical model shown in figure 1 is based
on the work of Hauefle et al [2]. The CoG is mod-
elled by a point-mass which includes the mass of
the whole body, and it is supported by a simplified
Hill-type muscle only consisting of the CE. During
motion, the flight, divided into upwards and down-
wards phases, and stance phases alternate. The tD2S is
the time instant when the downwards moving mass
is at distance l0 from the ground, therefore when the
straightened leg touches the ground. This event is
called touch down. The tS2U is the time instant, when
the mass is once again at distance l0 from the ground,
therefore when leg becomes fully straightened again.
This event is called take-off. Since the muscle have to
work against the gravity, and it is only capable to exert
pulling force, the muscle model has to be inverted. As
it can be seen, the mass move upwards if the muscle
is contracted.

The force output of the muscle is described by the
equation

Fout (t,y, ẏ) = Fmax a(t) fl (y) fv (ẏ) , (1)

where Fmax is the theoretical maximum force the
muscle can exert, and a(t) is the activation level
defined by the control. The preflex related multipli-
ers fl(y) and fv(ẏ) are functions of contraction y and
contraction-speed ẏ. These preflex-related intrinsic
characteristics only depend on the contraction and
the contraction speed, since the whole leg is modelled
by a single Hill muscle.

The intrinsic fl and fv relations of the Hill muscle
model are described by non-linear Hill functions.
However, they can be simplified by using linear or
constant functions. Both for fl and fv it is possible
to introduce constant, linear or non-linear functions
resulting nine possible combinations of equation (1).
Hauefle et al concluded in their work that if the sys-
tem has at least first order (i.e. linear) fv relation, peri-
odic orbits with asymptotic stability can be found [2].
Since we are interested in the robustness of periodic
orbits, systems with constant fv are not considered
among the nine combinations from [2]. The reason is
that constant fv does not lead to asymptotically stable
periodic orbit only marginally stable. In this work,
the functions describing the intrinsic properties in the
case of different complexities are

fl (y) =


1 constant,

k(l0 − y) linear,

exp

(
c
∣∣∣ y−lopt
wlopt

∣∣∣3) Hill,

(2)

fv (ẏ) =


1−µ ẏ linear,{

vmax+ẏ
vmax−K ẏ v> 0

N+(N− 1) vmax−ẏ
−7.56K ẏ−vmax

v⩽ 0
Hill.

(3)

The graph of the functions is shown in figure 2. The
Hill type fl function can take values between 0 and 1.
It takes the value 1 at the optimal length lopt of the
muscle. In the linear case, the k constant is chosen
in such way that the function have value 1 at muscle
length of lopt also. The fv functions can take values
higher than 1 in the case of eccentric contraction and
they take the value 1 at zero contraction velocity ẏ=
0. Since themuscle is inverted, themodel has eccentric
contraction when the mass moves downwards, there-
fore the CE can produce higher forces at negative ẏ
values.

The parameters of the system are collected in
table 1. The values were chosen according to [2].
The parameter c describing the curvature of the bell-
shapedHill function is determined such that the value
of fl in equation (2) is 0.8 at l0 muscle length [2].

2.2. Activation level for the Hill type muscle model
Control strategies are examined through the activa-
tion level. The model includes only a low level feed-
forward control representing the CPG [20]. Due to
the repetitive nature of the uniform elevation hop-
ping motion, we assume that higher level control is
not necessary. Since the gravitational field is poten-
tial, themechanical energy of the system is constant in
the flight phase. Therefore, the existence of periodic
motion depends on the behaviour of the system in
the stance phase; the muscle is responsible to reverse
themotion of themass by absorbing its kinetic energy
and after that regenerating the absorbed energy while
pushing the mass upwards.

Our goal was to determine a predefined activation
function a(t) for which there exists a stable periodic
motion and the muscle behaves completely elastic
while moving on this periodic orbit. In other words,
the force-time history of the solution is symmetric in
time. The elasticity coefficient, according to [36] is

CEL =

(
1− D

Dmax

)2

, (4)

where D is the net hysteresis area enclosed by the
contraction-force trace and it is normalized by Dmax,
the product of the maximal force andmaximum con-
traction. The higher the CEL value, the more elastic
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Figure 1.Hopping cycle of the one DoF hopping model.

Figure 2. Intrinsic muscle properties of different complexities.

Table 1. Parameters of the mechanical model. Adapted from [2]. © IOP Publishing Ltd. All rights reserved.

Notation Parameter Value Dimension

l0 Leg length 1 m
m Mass 80 kg
g Gravitational acceleration 10 ms−2

Fmax Maximal muscle force 2.5 kN
lopt Optimal muscle length 0.9 m
w Width of the Hill bell-shaped curve 0.45 1
vmax Maximal contraction velocity −3.5 ms−1

K Curvature parameter of the Hill fv function 1.5 1
N Eccentric force enhancement parameter 1.5 1
k Spring constant of linear fl relation 10 1/m
µ Slope of the linear fv relation 0.25 sm−1

the behaviour of the muscle. In the case of com-
pletely elastic behaviour, there is no hysteresis in the
contraction-force relation and thereforeCEL = 1. The
value of CEL is used to indicate that the resulting
motion is truly completely elastic.

The objective in this paper is to define the activ-
ation function a(t) in such way that it i) results in a
periodic orbit, ii) cancels out the effects that would
cause hysteresis, i.e. the goal is CEL = 1. The fv(ẏ)

relation (3) is not symmetric to the zero contrac-
tion speed ẏ= 0, meanwhile the fl(y) values defined
by equation (2) are the same while contracting
and extracting at the corresponding muscle lengths.
Therefore, in the specific case where fv and a(t) are
constant, the force output Fout is the same for con-
centric and eccentric contractions for any amongst
the introduced fl relations in equation (2). Meaning,
that there is no hysteresis. However, if the fv is defined
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by equation (3), the force output is lower for concent-
ric contraction than for eccentric contraction as the
effect of the fv. Therefore the intrinsic cause of the
hysteresis D in equation (4) is the fv function. Thus,
we hypothesize that the following function would be
a good choice for the activation level a(t) to eliminate
the effect of function fv

aS (t) =
1

fv
(
ẏper (t)

)
κ
. (5)

Here, ẏper(t) is the velocity of themass assuming peri-
odic orbit. The scalar variable κ is an arbitrary con-
stant so the activation function aS(t) ∈ [0, 1] is ful-
filled for any time instant t. Choosing aS(t) based on
equation (5) results symmetric Fout(t) time histories
for periodic motions, as it cancels out the effect of fv
by substituting into equation (1):

Fout,S (t,y, ẏ) = Fmax fl (y)
fv (ẏ)

fv
(
ẏper (t)

)
κ
. (6)

Although, in equation (5), the prior knowledge of
the periodic motion is expected, such aS(t) functions
are easy to find numerically. One can take advant-
age of the fact that these one dimensional hopping
systems with fv(ẏ)≡ const. are always marginally
stable with any ICs, since they are conservative [2].
Therefore, by choosing fv(ẏ) = 1 and a(t) = 1/κ, with
an initial guess for κ, in the force output Fout(t,y, ẏ) in
equation (1), a periodic motion yPerC(t) is obtained
for an arbitrary IC:

Fout,PerC (y) = Fmax fl (y)
1

κ
,

y(0) = y0,

ẏ(0) = ẏ0.

(7)

After that, aS(t) is generated by substituting the
obtained function ẏPerC(t) in equation (5) as the
ẏper(t) term. The same yPerC(t) periodic motion is
realized with the original fv(ẏ) from equation (3) as
with fv(ẏ) = 1 and a(t) = 1/κ. The reason behind
this phenomenon is that, by starting the system from
the IC used in equation (7), the force output in
equation (6) is the same as in equation (7), since at
any given time instance τ the value of fv(ẏ(τ)) will be
equal to the defined fv(ẏPerC(τ)).

Since aS(t) ∈ [0,1] is required, one needs to check
whether the maximum of aS(t) is not higher than 1.
If max(aS(t))< 1, the activation function is ready to
use. However, if 1<max(aS(t)), the above yPerC(t)
motion cannot be realized. In this case, the κ value
in a(t) = 1/κmust be increased. Thismakes themag-
nitude of themuscle forces lowerwhile calculating the
periodic orbit of the conservative system. This process
is repeated with higher κ values until max(aS(t))⩽ 1
is met.

2.3. Piece-wise smooth dynamics of the mechanical
model
The dynamics of the system is piece-wise smooth,
consisting of consecutive flight and stance phases, as
figure 1 shows. The equation of motion (EoM) in the
stance phase is

ÿ=
Fout (t)

m
− g. (8)

In the flight phase, Fout(t) is zero. The gravitation
acts only on the point-mass m. The problem is two-
dimensional described by y and ẏ, and due to the pres-
ence of the explicitly time-dependent a(t) function,
the system is non-autonomous.

The feed-forward control is determined for each
period of hopping through the activation level a(t).
Therefore the time parameter in the predefined func-
tion a(t) resets at the beginning of each period.
Thus, the explicit feed-forward control has a state-
dependent reset condition. This makes necessary to
introduce a new variable ta, which represents the
internal time status of the controller. According to
[2], let us choose the new period event at the apex of
the flight phase and define a Poincaré section there.
The corresponding event function [26, 37, 38], which
defines the Poincaré section, where the mass starts to
move downwards, is hU2D(z) = 0:

hU2D (z) = ẏ. (9)

Handling the time as a state variable is not only
necessary because of the state-dependent nature of
the controller, but also advantageous, since the ori-
ginally non-autonomous system is transformed into
an autonomous one, if the time in the activation
level is included in the state variables [26]. As a con-
sequence, a three-dimensional problem emerges with

z=
[
y ẏ ta

]T
, (10)

and the activation a(ta) is the function of ta:

ta = t− tU2D, (11)

where tU2D is the preceding time instant when the
Poincaré section (i.e. the beginning of a newperiod) is
reached. Indices U and D refer to the phase transition
from upwards to downwards motion. Practically, the
ta variable is mapped to zero as the mass reaches the
apex, introducing a discontinuity in the flight phase.
Since a(ta) resets at the Poincaré section [2, 36], the
mapping function [26, 37, 38] at the event, defined in
equation (9), is

gU2D =
[
y ẏ 0

]T
. (12)

Due to themapping of the ta, all state variables remain
periodic.
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Figure 3. Illustration of a periodic trajectory in the phase space, considering ta as state variable. Touch down and take-off are
denoted by TD and TO respectively. The gU2D function maps the time ta to zero after the trajectory reaches the Poincaré section.

As figure 3 shows, the event functions for the
downwards flight to stance (D2S) phase transition
hD2S(z) = 0 and the stance to upwards flight (S2U)
phase transition hS2U(z) = 0 are

hD2S (z) = l0 − y, (13)

hS2U (z) = l0 − y, (14)

where l0 is the rest length of the leg (see table 1). Since
in the stance phase the mass connects to the ground
through a spring, there is no impact at the touch-
down and the solutions have at least C1 continu-
ity. Therefore the mapping functions gD2S(z) = z and
gS2U(z) = z are identities and transform everything
into its own image after phase transitions. In figure 3,
an illustrative example of the periodic trajectory can
be seen in the three-dimensional state space.

During simulations, the EoM in the flight phase
is solved analytically:

yFlight (t0 + τ) = y0 + ẏ0 τ −
1

2
gτ 2, (15)

where the global time is t= t0 + τ . The time instants
at the apex tU2D and at the downwards flight to stance
transition tD2S are, respectively:

tU2D = t0 +
ẏ0
g
, (16)

tD2S = t0 −
√
2g(y0 − l0)+ ẏ20

g
. (17)

Generally, there is no analytic solution for the EoM
in the stance phase. Therefore, in this case, the EoM is
solved by usingMATLAB ode45, and the phase trans-
ition, which occurs at the tS2U time instant, was iden-
tified by theMATLAB ode45 numerical event handler
using equation (14).

2.4. Stability analysis via monodromymatrix
For an initial value problem of an autonomous
smooth system, the stability of a solution is described
by the eigenvalues of the Jacobian of the flow [26].
The fundamental matrix is calculated by solving
the first variational equation with the initial value
problem 

ż(t) = f(z(t)) ,

z(t0) = z0,

Φ̇(t) = ∂f(z)
∂z

∣∣∣
qper

Φ(t) ,

Φ(t0) = I,

(18)

where t0 is chosen freely without being bound by gen-
erality, as the system is autonomous, I is the iden-
tity matrix, Φ is the fundamental matrix and f(z(t))
is the smooth vector field. In the case of a periodic
solution, the fundamental matrix calculated between
t0 and t0 +T, where T is the period time, is called
monodromy matrixM. The eigenvalues of M are the
Floquet multipliers and they determine the stability
of the periodic orbit.

However, the system is a non-smooth hybrid sys-
tem of which the solution contains continuous flows
interconnected by discrete mappings. Therefore, sep-
arate fundamental matrix is calculated for each con-
tinuous phase. Themonodromymatrix is determined
bymultiplying these fundamental matrices while cor-
recting them with the saltation matrices (SU2D, SD2S
and SS2U) at each phase change [26, 37–39]. The
formalization of the saltation matrix is rigorous and
depends on the governing EoM of the phases it links
together, the mapping at the phase change and the
event function indicating the phase change. Since
the system has three consecutive continuous phases,
three saltationmatrices are needed. However, we only
introduce one of these three matrices since the con-
struction of the other two matrices is identical. The
saltation matrix at the upwards to downwards flight
phase transition has the following form [26, 37, 38]:
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SU2D = gU2D,z
(
t−U2D

)
+

(
f
(
z
(
t+U2D

))
− gU2D,z

(
t−U2D

)
f
(
z
(
t−U2D

)))
hU2D,z

(
t−U2D

)
hU2D,z

(
t−U2D

)
f
(
z
(
t−U2D

)) , (19)

where the+ and− signals in the upper index indicate
whether the expression is calculated infinitesimally
small time duration before or after the time instant of
the phase change, and the z in the lower index means
that the term is differentiated by the state variables.
The saltation matrices SD2S and SS2U are also neces-
sary and are calculated analogously to equation (19).

In the case of a non-smooth system, the mono-
dromy matrix is constructed by calculating the fun-
damental matrix (18) at the respective phase of the
system, and at phase change, the fundamental mat-
rix is multiplied by the saltation matrix governing the
phase transition. After that, integration of the funda-
mental matrix in the new phase is needed, which is
later used to multiply the previously obtained mat-
rix. Assuming that the solution is started from the
Poincaré section, the monodromy matrix is calcu-
lated as [5, 26, 37, 38]:

M= SU2DΦU

(
t−U2D

)
SS2UΦS

(
t−S2U

)
SD2SΦD

(
t−D2S

)
.

(20)

At the end, the saltation matrix for the upwards
to downwards phase transition is required since
the system restarts again in the downwards phase.
The stability is determined by the spectral radius
of M while ignoring the trivial multiplier of value
1 with the corresponding eigenvector of f(z(t0))≡
f(z(t+U2D)). Hence the time is included in the state
variables to make the system autonomous, an extra
trivial multiplier occurs [26] with value 0, since
the time ta is mapped to zero at the Poincaré
section. If the spectral radius of M, excluding the
trivial eigenvalues, is lower than one, the periodic
orbit is asymptotically stable [26]. In this three-
dimensional problem, there is a single non-trivial
multiplier.

Since the activation level resets at the Poincaré
section, the system can be examined as a one-
dimensional problem on the Poincaré section via the
Poincaré return map as it was done by Hauefle et al
[2]. This approach is used to examine the behaviour
of the system graphically. The fix points of the return
map are the periodic solutions of the system. The sta-
bility of a periodic solution is described by the slope
of the curve at the fix point. The slope of the curve and
the non-trivial eigenvalue of M are equal. An advant-
age of the Poincaré return map is that the BoA of a fix
point on the Poincaré section is also readable from
the figure. However, this information about the BoA

of the solution would be limited, since the problem is
three-dimensional.

2.5. Dynamical robustness via LIM
Non-linear dynamical systems have limited robust-
ness against external perturbations [40]. The BoA of
a stable solution tells us how robust it is against dis-
turbances. However, determining the exact BoA is
a computationally expensive task, especially for sys-
tems with high dimensions. In the literature, sev-
eral dynamical integrity measures were introduced to
quantify the dynamical robustness [27, 28]. Habib
[31] developed the DynIn Toolbox in MatLab, which
provides an upper estimate of the LIM of a stable
equilibrium point [27].

Although, the DynIn Toolbox was originally
developed for equilibrium points, we aim to use
this iterative algorithm for periodic orbits exploit-
ing that on the Poincaré section the fix point is
treated as an equilibrium point of a discrete mapping
[31]. The DynIn Toolbox uses numerical integration
and discretizes the trajectory to examine the beha-
viour of a solution. In each iteration step a numer-
ical solution is examined through sampling points of
its discretization. The LIM is the minimal distance
(i.e. hypersphere radius) between the fix point and
the closest diverging point. The resulting LIM estim-
ates the radius of the largest hypersphere centred at
the fix point, that is completely inside of the BoA of
the stable periodic solution [27, 31].

The dimension of the hypersphere was considered
according to three approaches, as shown in figure 4.
In 1D, 2D and 3D, the notations are LIM1, LIM2 and
LIM3 respectively. In the case of the 1D approach,
when the hypersphere is a line, the ICs were chosen
on the Poincaré section. Therefore, while choosing
the ICs, variables ẏ and ta were fixed as zeros and y
was varied. Since the Poincaré section is in the flight
phase, the initial y is chosen in the flight phase, i.e. the
flight to stance transition limits from below the eli-
gible y values as ICs. The result of this approach cor-
responds to the BoA read from the Poincaré return
map mentioned in section 2.4.

Since the systems have feed-forward control with
state dependent reset condition, the effect related to
errors of state perception is worth investigating. For
this reason, the 2D and 3D approaches are introduced
where the hypersphere are respectively a circle and a
sphere. The perceptional error of the control means
that the hU2D transition is not detected correctly for
the first hopping cycle. After the first hU2D transition,
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Figure 4. Illustration of the hypersphere of different dimensions: (a) LIM1 for 1D, (b) LIM2 for 2D, (c) LIM3 for 3D approaches.

the controller is able to detect the apex point of
the flight phase. The perceptional error is taken into
account by perturbing the ta variable. Therefore in
the case of the 2D approach only ẏ has fix zero value
while selecting the IC on the y− ta sub-phase plane.
In the 3D case all three state variables are perturbed.
In the 2D and 3D cases, the IC is no longer on the
Poincaré section, i.e. the eligible y values are exten-
ded to be lower than l0. The sampling points of the
trajectory remain on the Poincaré section during the
iterative algorithm of the DynInToolbox. The 2D and
3D approaches requiremore simulations to get accur-
ate LIM estimations compared to the 1D approach
because of the higher dimensional space.

2.6. Performance measures
Depending on the feed-forward control function,
multiple solutions exist. Haeufle et al [2] used the fol-
lowing fitness function in a genetic algorithm to find
the activation function a(t), resulting in aH(t):

PH =

{
ŷmax T⩽ 0.5s

2ŷmax

(
1− T̂

)
T> 0.5s

(21)

where the indexHdenotes to activation function used
byHaeufle et al, T̂ is the actual time period of hopping
normalized by 1s, and ŷmax is the height of the mass
from the ground at the apex of the flight phase nor-
malized by 1m. The function PH ensures the highest
hopping for 2Hz frequency, which corresponds to the
preferred human hopping frequency [2, 32, 41]. Since
we aim to compare the control approaches, we also
maximised the fitness function (21) while searching
for the closed form aS(t) using the theory introduced
in section 2.2.

Additionally, we introduce the energy consump-
tion of the muscle as a quantitative measure. The
energetic cost of the muscle in each hopping period
is calculated by integrating the absolute value of the
power of the CE [16, 42]:

WCE =

ˆ t0+T

t0

|Fout ẏ| dt, (22)

where Fout is the force output of the CE as shown in
equation (1). The performancemeasure PW is defined
as the ratio of the potential function of themass at the
apex height ymax measured from l0 elevations and the
energetic cost of the muscle

PW =
mg (ymax − l0)

WCE
. (23)

The higher the value of PW is, the greater part of the
muscle work is used to earn a unit of potential energy
surplus during hopping.

3. Results

The goal of this paper is to compare the properties of
the newly proposed activation control, which results
in a symmetric force-time history (see section 2.2),
with the corresponding systems by Haeufle et al [2].
The newly proposed systems will be referred as sym-
metric and the systems from [2]will be called as asym-
metric henceforth. Six combination of preflex-related
multipliers are considered, as section 2.1 describes:
constant, linear or Hill type force-length relation
fl(y) in equation (2) combined with linear or Hill
type force-velocity relation fv(ẏ) in equation (3). The
simulation results from [2] were regenerated and
included in section 3 for those six systems which
allows asymptotic stability. Apart from the perform-
ance measure PH, additional measures are the LIM
values and the energetic ratio PW in this paper.

3.1. Periodic motions according to activation levels
A hopping cycle is illustrated in figure 5 for each
system, displaying the oscillation of the mass, the
force exerted by the CE, and the activation function.
For systems with aS(t) activation, the force-time and
displacement-time histories are symmetric and the
shape of the force function depends solely on the
fl(y) type. Systems with Hill-type fv(ẏ) relations have
a breakpoint (denoted by BP in the graphs) in their
aS(t) functions when the mass is at its minimum y
position in the stance phase. This phenomenon is the
result of the breakpoint in the fv(ẏ) relation shown
in figure 2 right. In all cases, the activation is lower
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Figure 5. A hopping cycle for different systems; solid lines are denoted to the symmetric systems, dashed lines are denoted to the
asymmetric systems, which are adapted from [2]. © IOP Publishing Ltd. All rights reserved. The vertical lines denote the
beginning and the end of the stance phase.

at the beginning of the stance phase. Since the CE is
inverted, the muscle has eccentric contraction when
the mass is moving downwards. Therefore it is able to
exert higher forces compared to the concentric con-
traction period, where higher activation is needed for
the same force value. This phenomenon is originated
in the non-symmetric nature of the force-velocity
relation fv(ẏ).

Symmetric systems (i.e. aS(t) control) have lower
hopping heights, but approximately the same hop-
ping frequencies as the corresponding asymmetric
systems (i.e. aH(t) control, [2]), and therefore the
air-ground ratio is less for the symmetric systems.
Meaning, symmetric systems spend less time in air
and more time on the ground actively using their
muscle.

The values of hopping height (ymax), fre-
quency (f ) and Floquet multiplier (µ) are shown
in table 2 in addition to the local integrity and per-
formance measures introduced in section 2.5 and
section 2.6 respectively. The value of the single non-
trivial Floquet multiplier is equal to the slope of the
curve at the respective fix point in the Poincaré return
map, shown in figure 6. All hopping motion have
asymptotic stability since |µ|< 1 for all cases. The
Floquet multiplier µ is positive for symmetric sys-
tems and negative for the asymmetric ones. Floquet
multipliers µ< 0 result in oscillatory convergence,
which is in correspondence with the Poincaré return
maps in figure 6.

3.2. Performance measures
The performance of the system is analysed through
two measures PH and PW respectively related to the
height of the hopping and to the energy consumption
properties, these are shown in table 2. Asymmetric
systems (i.e. [2]) have higher PH values except for the
system with linear-linear f l − f v relation. This is not
caused by higher ymax, but by the fact that the time
period T is closer to 0.5s (see equation (21)) for the
symmetric system.

The mechanical energetic cost of the muscle
(WCE) is lower for symmetric systems, since the
muscle behaves completely elastic during the peri-
odic motion, as the CEL shows in table 2. Still,
the PW values are greater for asymmetric sys-
tems, as the potential energy surplus is signific-
antly greater. In general the difference in the PW
is marginal except for the systems with linear fl
properties.

The mechanical energetic cost is generally related
to hysteresis in the contraction-force space. Therefore
the muscle contraction-force curves are visualized in
figure 7. The asymmetric systems have to regenerate
the energy amount lost due to the hysteresis caused
by the fv property of the muscle, which is elimin-
ated for the symmetric systems with activation func-
tion aS(t). Therefore symmetric systems with aS(t)
control do not have hysteresis in their contraction-
force relationwhilemoving on the periodic orbit. The
muscle absorbs energy (see in panel (a) of figure 8)
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Table 2. Results of symmetric and asymmetric systems: hopping height and frequency, Floquet multiplier, elasticity coefficient,
mechanical work of the muscle, performance measures and the LIM values of different dimensions are shown for each system.

fl cons. lin. Hill

fv Parameter Symm. Asymm. Symm. Asymm. Symm. Asymm.

ymax [m] 1.086 1.117 1.054 1.111 1.082 1.113
f [Hz] 2 1.99 2 1.87 2 1.97
µ [1] 0.85 −0.93 0.55 −0.85 0.79 -0.41
CEL [1] 1 0.599 1 0.664 1 0.626

lin. WCE [J] 262 336 295 435 262 337
PH [1] 1.086 1.109 1.054 1.035 1.082 1.098
PW [1] 0.262 0.28 0.145 0.204 0.249 0.268
LIM1 [1] 0.0583 0.1174 0.0535 0.1112 0.071 0.1129
LIM2 [1] 0.0585 0.2419 0.0815 0.1364 0.0715 0.0865
LIM3 [1] 0.0588 0.2415 0.082 0.1376 0.0724 0.0865

ymax [m] 1.045 1.075 1.012 1.06 1.042 1.071
f [Hz] 2 2.01 2 1.93 2 2
µ [1] 0.89 −0.02 0.4 −0.53 0.75 −0.19
CEL [1] 1 0.579 1 0.767 1 0.541

Hill WCE [J] 190 305 231 400 193 309
PH [1] 1.045 1.075 1.012 1.024 1.042 1.071
PW [1] 0.19 0.198 0.042 0.12 0.176 0.183
LIM1 [1] 0.0285 0.0754 0.0122 0.0601 0.0423 0.0706
LIM2 [1] 0.0269 0.544 0.031 0.0655 0.1616 0.0381
LIM3 [1] 0.0309 0.5447 0.0312 0.0662 0.1618 0.0381

Figure 6. One-dimensional Poincaré return maps of systems. Solid lines represent symmetric systems with aS(t) control, while
dashed lines represent asymmetric systems with aH(t) control adapted from [2]. © IOP Publishing Ltd. All rights reserved. Stable
fixed points are indicated by blue filled markers, and unstable fixed points are indicated by red hollow markers.

or generates additional energy (see in panel (b) of
figure 8) when the initial position is higher or lower
than the apex of the periodic orbit respectively. The
hysteresis decreases with each hopping cycle as it is
shown in figure 8.

3.3. LIMs
Table 3 shows the optional inputs of the DynIn
Toolbox used for calculating the LIM, which charac-
terizes the dynamical robustness of a system. Higher

hypersphere dimensions require more iteration steps.
The distances measured along the y, ta, and ẏ dir-
ections are weighted by 1m−2, 1 s−2, and 1s2m−2,
respectively, to determine the dimensionless radius of
the hypersphere. Table 2 presents the estimate of the
LIM values for different hypersphere dimensions.

Since the 1D approach is only considered in
the flight phase, significant differences are notice-
able between the values of LIM1 comparing to LIM2

and LIM3. The values of LIM2 and LIM3 are close to
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Figure 7. Exerted force against muscle contraction. Solid lines denote to symmetric systems, dashed lines denote to asymmetric
systems.

Figure 8.Muscle contraction-force curves for the symmetric system with Hill-Hill fl and fv relations for higher and lower initial
elevation compared to the periodic orbit starting at y0 = 1.042m: (a) y0 = 1.092m (b) y0 = 1.022m. Solid black curve is
associated with the periodic motion, the dashed orange curves are associated with the perturbed hopping.

Table 3. Optional inputs of the DynIn Toolbox.

Value
Input parameter 1D 2D 3D

Space boundary y ∈ [l0,3m] y ∈ [0m,3m] y ∈ [0m,3m]
ta ∈ [−2.01s,2.01s] ta ∈ [−2.01s,2.01s]

ẏ ∈
[
−1.1ms−1,1ms−1

]
Number of cells 701 701 701
Iteration steps 500 1000 1000

each other, meaning that perturbations considering
also the ẏ direction do not have greater effect on
the dynamical robustness than the perceptional error
represented by the disturbance in ta.

Generally, the limiting factor for the LIM in the
1D case is the distance between the elevation at
the flight to stance (D2S) transition and the hop-
ping height of the periodic motion. The exception to

this are symmetric systems with constant-linear, Hill-
linear and constant-Hill f l − f v relations. For these
three systems, an unstable periodic orbit exists beside
the stable one which limits the value of the LIM.
These unstable and stable periodic orbits are repres-
ented by fix points in the one-dimensional Poincaré
return maps shown in figure 6. For systems not hav-
ing unstable orbit, greater hopping height means
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Figure 9. Hyperspheres projected onto the y direction. Red
lines denote to the fix point of the periodic motion. Blue
bars refer to the LIM1 values, green bars refer to the LIM2

values around the fix point. The black horizontal line at
y= 1m marks the flight to stance (D2S) transition.

greater LIM1 value. The value of LIM1 is also read-
able from the one-dimensional Poincaré return maps
in figure 6.

The hyperspheres of different dimensions are
projected onto the y axis for better comparison, as
shown in figure 9. The LIM3 values are not included
because they are equal to the LIM2 values within the
error margin of the heuristic approach. As expected,
the LIM values generally increase when the ICs are
allowed to be chosen from the stance phase as well.
However, for asymmetric systemswithHill-linear and
Hill-Hill f l − f v relations, the LIMs decrease because
they are more sensitive to perturbations in the ta dir-
ection (i.e. to perceptual error) than to perturbations
in the apex height y0. For the three systems with
an unstable periodic orbit (symmetric systems with
constant-linear, Hill-linear and constant-Hill f l − f v
relations), the LIM values remain unchanged.

In figure 10, simulations are shown for ICs chosen
within and outside the two-dimensional hypersphere
calculated for the system. Converging and diverging
trajectories are illustrated for a symmetric system
with linear-Hill f l − f v relation in panel (a) and for
an asymmetric system with Hill-linear f l − f v rela-
tion in panel (b). These examples are chosen because
their Floquet multipliers µ, and thus their conver-
gence speeds, are similar. However, the diverging tra-
jectories behave differently for the systems. For the
symmetric system in panel (a), the diverging traject-
ory eventually settles into equilibrium. For the asym-
metric system in panel (b), the mass collides with the

ground because the muscle does not produce enough
upward force.

4. Discussion

4.1. The effect of intrinsic muscle properties on
hopping heights
All systemswere able to produce asymptotically stable
hopping motion with approximately 2Hz frequency.
Symmetric systems, which use activation aS(t), had
lower hopping heights compared to asymmetric sys-
tems based on [2], which use activation aH(t). This
finding roots in the fact that symmetric systems were
not able to produce as great forces as the asymmetric
ones due to the characteristics of the fv functions. The
requirement in equation (5) of symmetric behaviour
limits the level of muscle activation.

Systems with linear-Hill f l − f v relation had the
lowest hopping heights compared to any other system
with the same activation strategy. Moreover, compar-
ing the group of three systems with different fl char-
acteristics but same fv relation and activation strategy,
linear fl yield the lowest while constant fl results in
the highest hopping heights. This is because at zero
muscle contraction there is no preload for the linear
fl. Therefore it takes time to build up the force out-
put to match with the forces of systems with constant
and Hill fl characteristics. By examining the muscle
characteristics in figure 2 left, the above observation
is explained by the fact that linear fl is the lowest and
constant fl is the highest in the dominant operational
range∆l ∈ [0,0.1]m.

Systems with linear fv relation were able to hop
higher than the systemswithHill fv relation. As shown
in figure 2 right, during the concentric contraction,
the values of the linear fv are higher than the values of
the Hill fv relation. Therefore the system can push the
mass upwards with greater force if linear fv character-
istic is used.

4.2. Airborne-ground time
The time period of the hopping is approximately
the same for all systems, which implies that the air-
ground ratio is less for systems with lower hop-
ping heights, since they spend more time in the
stance phase as indicated in figure 5. For running,
the efficiency is correlated to the flight time; high-
performance runners spend more time in airborne
phase at a given speed [43–45]. Therefore systems
which are able to produce higher forces thus are able
to achieve greater hopping heights are more efficient.

As shown in figure 7, the compression of the
muscle of symmetric systems is considerably smal-
ler than that of the asymmetric systems, especially
in the case of systems with Hill fv relation. At the
same time, symmetric systems spend more time in
the stance phase resulting small acceleration and low
muscle forces. This is consistent with the findings in
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Figure 10. Simulations of converging and diverging trajectories. For all simulations, the initial velocity is ẏ0 = 0
[
ms−1

]
. Panel

(a): activation aS(t) and initial value ta0 =−0.0017 [s] are used. The initial positions are y0,c = 0.982 [m] for the converging
trajectory and y0,d = 0.98 [m] for the diverging trajectory. Panel (b): activation aH(t) and initial value ta0 =−0.0865 [s] are used.
The initial positions are y0,c = 1.11 [m] and y0,d = 1.115 [m] respectively for the converging and diverging trajectories.

[43] related to the gait cycle parameters of slow and
fast running.

4.3. Relation of the muscle force and the vertical
displacement
The hysteresis seen in figure 7 for asymmetric sys-
tems is caused by the fv characteristic of the muscle.
The hysteresis also occurs implicitly in paper [2] in
the form of the energy absorbing and generating
effect of the muscle. As expected, each symmetric
system behaved completely like a spring-mass sys-
tem while moving on the periodic orbit. This obser-
vation is based on that CEL = 1 for each symmetric
system, as shown in table 2. By choosing the activa-
tion in a semi-closed form as shown in equation (5),
the energy absorbing effect of the fv relation is
eliminated.

According to measurements in [32] hopping with
around the preferred 2Hz or higher frequencies,
Farley et al found that the body behaves as a simple
spring-mass system, based on how the ground reac-
tion force depended on the vertical displacement of
the CoM. This behaviour could be modelled by a
symmetric system, as the effect of the velocity-force
characteristic of the muscles does not appear in the
vertical displacement-force relation while moving on
the periodic orbit, the system behaves as a simple
spring-mass system, as shown in figure 7. As an
advantage, the symmetric systems provide asymp-
totic stability in contrast to a spring-mass system.
According to the same measurements in [32], Farley
et al also stated that in the case of lower hopping
frequencies, the vertical displacement of the mass is

greater and the body no longer behaves as a spring-
mass system. The maximal ground reaction force
is measured when the body is moving downwards,
and the forces at take-off are higher than at touch-
down [32]. These phenomena can also be observed
on the asymmetric systems, as shown in figure 7.
Therefore on higher frequencies, models with aS(t)
control approximate more precisely the ground reac-
tion force characteristics, while the force character-
istics of asymmetric systems resemble hopping with
lower frequencies.

4.4. Energy consumption properties
The mechanical energetic cost of the muscle was cal-
culated for a hopping cycle for each model as table 2
shows. This was used to normalize the potential
energy gain as shown in equation (23). Considering
systems with constant and Hill fl characteristics, the
values were around 4%–7% greater for asymmet-
ric systems than for the symmetric ones. Symmetric
systems had approximately two third as great hop-
ping heights than the asymmetric systems, but they
required around two third of muscle work. Thus, the
choice between activations aS(t) and aH(t) did not
affect the energy related performance measure PW.
However, significant differences are observed for sys-
tems with linear fl relation. The energy consumption
property PW of the symmetric systems was around
71% and 35% of the asymmetric systems in the case
of linear and Hill fv relations respectively. The ener-
getic cost of themuscle for the symmetric systemswas
also around two third of the value of the respective
asymmetric systems, but the height gain was less than
half.
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Comparing the systems with the same activation
and the same fl relations, the ones with linear fv char-
acteristics yielded to higher PW than systems with
Hill fv relation as table 2 shows. Constant fl yiel-
ded the greatest, linear fl the lowest energy consump-
tion property PW for systems with identical control
approach and fv characteristic.

4.5. Dynamical robustness of stable periodic orbits
All asymmetric models have oscillatory convergence
and systems with Hill fv characteristics have faster
convergence than the ones with linear fv relation.
Symmetric systems converge the fastest with linear fl
characteristics. The fv relation has no significant effect
on the convergence speed.

The dynamical robustness of the systems were
examined through the LIMs around the fix point and
was considered in one-, two-, and three-dimensions.
Except for three systems, as was mentioned in
section 3.3, the limit of the LIM1 was the flight
to stance transition. Therefore the LIM1 depends
on the hopping height; the higher a system is able
to hop, the more robust it is. The three symmet-
ric systems with two periodic orbits were exceptions
to this. These three systems each had an unstable
periodic orbit alongside with the stable one. The
unstable periodic orbit had lower hopping heights,
which confines the LIM1 value before the phase
transition.

The effect of the perceptional error (i.e. perturb-
ation along the ta) was taken into account through
the two-dimensional LIM. This way, the D2S phase
transition no longer restricted the LIM. The LIM2

value of systems with the unstable periodic orbit was
equal to the LIM1 value, since the limiting factor of
the measure was not the eliminated phase transition
(see models with red circles in figure 6). Otherwise,
the LIM2 values were greater than the LIM1 values,
except for asymmetric systems with Hill fl relation. In
these two cases, the radius of the hypersphere (LIM2)
along the y direction did not even extend to the phase
transition. Therefore, these systems are more sensit-
ive to perceptional errors. Besides, the LIM2 value has
increased greatly for asymmetric systems with con-
stant fl relation, as well as for the symmetric system
with Hill-Hill f l − f v characteristics. There were no
significant differences between the LIM2 and LIM3

values. Thus deviation in the direction of ẏ has no
greater effect on the robustness than the perceptional
error.

The use of the DynIn Toolbox has allowed a more
complex analysis of the robustness of the systems than
the Poincaré return maps. Introducing LIM2, some
models proved to be more robust than in the case
when the perturbation is solely considered on the
Poincaré section. However, it is important to note
that the convergence is not limited to the inside of
the hypersphere. The DynIn Toolbox offers an upper
estimation of a subset of the BoA.

5. Conclusion

Since symmetry is found everywhere in nature, and
the elastic muscle model leads to symmetric beha-
viour, we hypothesised that using a feed-forward con-
trol resulting in symmetric motion could offer cer-
tain advantages. We investigated the performance of
this symmetry inspired controller as a control strategy
for hopping robots. Besides, we analysed the result-
ing system as a feasible model for human hopping
motion. To focus on the effect of the feed-forward
control, we used a simple one-dimensional hopping
model, minimizing the impact of parameter inter-
actions. The intrinsic properties of the Hill muscle
model were considered in different complexities, dis-
carding models with constant force-velocity (fv) rela-
tion, since at least linear fv characteristic is needed for
asymptotic stability [2].

Themain idea of the study is the proposed closed-
form activation function that results in symmetric
motion. The compact form of the function makes
it easier to find a feed-forward control that yields
stable and energy efficient periodic motion, com-
pared to heuristic approaches. Moreover, the effect
of the force-velocity relation of the muscle is elim-
inated while moving on the periodic orbit, allow-
ing the muscle to behave completely elastic, while
maintaining asymptotic stability. Systems with the
proposed control is compared with systems in [2]
through multiple measures, a portion of them are
found in [2] and further are introduced in this study.
We have concluded that certain measures depend not
only on the control strategy, but the intrinsic proper-
ties of the muscle model have also great effect. Such
hopping characteristic is the hopping height, since
the same relation is upheld, regarding the intrinsic
properties, among the symmetric and asymmetric
systems.

The symmetry requirement limits the force out-
put of the muscle, preventing the symmetric systems
from achieving as high hopping height as the asym-
metric ones. The behaviour of the symmetric sys-
tem resembled that of a novice runner comparing its
gait cycle parameters to similar parameters describing
runners [43]. However, the mechanical energetic cost
of the muscle was significantly higher for asymmet-
ric systems. Our investigations found that, consider-
ing all themeasures analysed, systemswithHill−Hill
and constant− linear/Hill fl − fv relations were the
most advantageous among the symmetric and asym-
metric systems, respectively. Since the linear and Hill
fv relations offer different advantages in asymmetric
systems, it is not possible to state distinctly which
intrinsic characteristic would function superiorly in a
robotic controller. The same applies when comparing
the symmetric system with the two asymmetric ones.
An additional benefit of the closed-form activation is
that the numerical cost for optimization is lower than
of a heuristic method used in [2].
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Humans, considering the ground reaction force-
CoM elevation curves, behave like a spring-mass sys-
tem while hopping at preferred or higher frequencies
[32]. The symmetric system could serve as a more
sophisticated model for this motion, given its asymp-
totic stability compared to the marginally stable
spring-mass system. On the other hand, the ground
reaction force characteristics of lower frequency
hopping [32] are well represented by the behaviour
of the asymmetric systems.
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Limitations

It is important to note that the muscle model in this
study is oversimplified from a physiologically point of
view, since the geometry of the leg and the elasticity
of the muscle-tendon unit are neglected. Therefore,
the mechanical model is not sufficient to study real-
life muscle behaviour, or the underlying biomech-
anics of human hopping. The goal of our study was
to examine the effect of different complexities of the
CE, while imposing symmetric hopping motion. The
findings of this study are useful in the field of robotics,
moreover for implementing muscle-like behaviour of
robotic actuators.
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